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Optimal Guidance Law in the Plane

M. Guelman*
Laboratoire d'AutomatiqueTh&orique, Paris, France

and
J.Shinart

Technion, Haifa, Israel

Using the exact nonlinear equations of motion in the plane, an optimal guidance law for a vehicle pursuing a
maneuvering evader is derived. It is assumed that a complete knowledge of the evader's motion is available to the
pursuer. Both the pursuer and the evader move with constant velocities. The guidance law minimizes a weighted
linear combination of the time of capture and the expended maneuvering energy. The equations of motion are
solved in closed form in terms of elliptic integrals. Numerical results are presented in order to illustrate the
advantages of the optimal guidance law as compared both with proportional navigation and a trajectory formed
by a hard turn followed by a straight line. The extension of the approach to the three-dimensional case is also
outlined.

I. Introduction

THE problem of deriving a feedback contrpl law for a
vehicle pursuing a maneuverable target has been of great

interest for guided missile design. In many works, the analysis
has been based on linearizing the pursuit geometry about a
nominal collision course. !"5 The^ linearization allows con-
sideration of the time of pursuit as fixed. Using a quadratic
index, the square of the "miss distance" at .the fixed final
time, plus the integral of a quadratic penalty on the control,
the pursuit can be treated as a linear quadratic optimal
control problem. Such analysis has demonstrated the op-
timality of the proportional navigation guidance law against a
nonmaneuvering target.6'7 A predetermined target maneuver
can be treated similarly with the use of a modified guidance
law.8'9 Although linear control theory allows imposition of
zero miss distance, it may require very large, sometimes in-
finite, controls. The above mentioned quadratic performance
index provides a reasonable compromise which avoids ex-
cessive control expenditure.

.The main drawback of the linearized approach is that the
results apply only in a relatively small region of the state
space, where the trajectory linearization is valid. This
limitation prevails even if second-order terms are taken into
account.10

In several other works, pursuit-evasion engagements have
been analyzed, using the exact nonlinear equations of
motion,11?12 either as zero-sum differential games13 or as one-
sided optimal control problems.14 If such mathematical
models are used, the time of capture cannot be determined, in
advance. It has been shown,15 however, that if the pursuer has
higher speed and lateral acceleration than the evader as well as
an ideal (instantaneous) control, there exists a control strategy
that provides point capture (zero miss distance) at some finite
time. Such analysis has assumed for simplicity constant speed
vehicles, but the results apply for variable speed models also.
The constant speed assumption can be justified by the fact
that longitudinal accelerations of airborne vehicles are
generally an order of mangitude lower than the lateral ac-
celerations used for maneuvering.16
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In many practical cases, it is of interest to minimize the
time of capture even at the sacrifice of the point capture. This
problem can be treated by formulating the capture criterion in
terms of a fixed allowable miss distance. In order to avoid
excessive control expenditure, adding a quadratic penalty
integral to the performance index can be useful. Such a term
can be interpreted . for a constant speed model as the
requirement for additional propellant to overcome the
maneuver-induced drag.

The purpose of the present paper is to derive an optimal
guidance law for the pursuing vehicle against a maneuvering
target in a plane. It is assumed that perfect knowledge of the
target motion is available to the pursuer. The pptimality
criterion is a weighted combination of the time of capture for
a given miss distance and the expenditure of maneuvering
energy. The analysis is based on the exact nonlinear equations
of motion for constant speed vehicles.

II. Problem Formulation
A pursuer P is attempting to capture an evader E. The

vehicles have constant velocities VP and VE, respectively. The
pursuer is able to control its normal acceleration M. The geo-
metry of the planar pursuit is depicted in Fig. 1. The
equations of motion are

0(0) =60 (1)

r(0)=r0 (2)

yp(0)=0 (3)

where r is the relative distance between the two vehicles, 0 the
line of sight direction, and yp and yE the pursuer and evader
flight directions, respectively. 0, yp, and yE are all measured
with respect to an iriertial reference. yE = yE(t) is a given
continuous function of time. The problem to be solved is to
find a control u such that capture defined by

is assured while the performance index J

(4)

(5)

is minimized. In this formulation the maneuverability of the
pursuer is not limited; however, the weighting factor k is
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selected in such a way that the required acceleration is
realistic. It is assumed that the parameters of the problem
(Vp* VE> k> R) and the boundary conditions (r0^d) are
compatible with the capture condition in Eq. (4). Such a
formulation leads to an unconstrained nonlinear optimization
problem.

III. Optimal Control Solution
We shall apply the maximum principle7 to solve the op-

timization problem. Let us define an additional state variable
X such that . . .

LOS. Equation (17) can be expressed as

with x(0) = 0. Then

(6)

(7)

Let us now write the Hamiltonian for the system of Eqs. (1),
(2), (3), and (7)

H=\e[Vpsm(B-yp)-VEsm(B-yE)]

+ Xr[-Vpcos(B-yp)+VEcos(B-yE)]

(8)

The adjoint variables are defined by the equations

-\r[Vpsm(0-yp)-VEsm(0-yE)] (9)

(10)

\y=\eVpcos(e-yp)/r+\rVpsin(e-yp) (11)

X,=0 - (12)

while their boundary values are derived from the trans-
versality condition (9 f and yp being assumed free):

(13)

(14)

\(tf) = -l ' (15)

\r(tf) free (16)

Solving the adjoint system, Eqs. (9-16), along an optimal
trajectory (see Appendix A) we find that the optimal control is
obtained as a function of the current state vector and its final
value. The result is

u*2 = Vp [cos(0f-yp)-cos(0f-<ypf)]/krf

sign («*) = sign [ sin (6 f - ypf) ]

where

rf = VEcos(8f-yE ) - Vpcos(6f-yp

(17)

(18)

(19)

is the final relative velocity.
This optimal control law has the following geometrical

interpretation. The numerator of Eq. (17) is the difference
between the projections of the current and final pursuer
velocity vectors on the terminal line of sight (LOS) as shown
in Fig. 2. Since /><0, Eq. (17) implies that the projection of
the final pursuer velocity on the terminal LOS attains its
maximum value at the pursuit end. From Eq. (18), it follows
that the control u* steers the vector VP towards this final

K '

where ;

IV. Control Law Application
The control law obtained in the previous section is only

partially defined. The control amplitude and sign are given as
functions not only of the current state variables, but also of
their final values. Unless these final values are defined the
control law cannot be applied. The problem to be solved now
is thus to find the actual values of Of and yp . This requires the
solution of the entire system of Eqs. (1-3) when u* is defined
by Eqs. (17-18). However, the control law defined by Eqs.
(17-18) has a most striking characteristic. It depends on the
current value of only one state variable, yp. The current
values of the other two state variables r and 6, relating the
evader to the pursuer, do not appear in the expression found
for u*. It appears then that, formally at least, the pursuer's
motion can be integrated independently of the evader's
motion.

The pursuer's motion is defined for sm{8f — yp ) > 0 by

Xp = Vpcosyp

where

(22)

(23)

(24)

(25)

Integrating the system of Eqs. (22-24) from f-0, 7^(0) = 0,
Xp(Q) = 0, and 1 (̂0}=0 to t=tf and y ( t f ) = y p f we obtain
(see Appendix B)

(26)

(27)

(28)

I -F(af,costf) ]

Xpf=Vp(Acos6f-

where

B=2c\/cos(ef-ypf) -cosOf

(29)

(30)

and F is the elliptic integral and K the complete elliptic in-
tegral of the first kind, E and E are the elliptic and complete
elliptic integrals of the second kind and

t=(Of-yp)/2

af= arc sin [cos (Bf/2) /cos\l/f]

(31)

(32)

(33)

Since it is assumed that the evader's motion is perfectly
known as a function of time, we have at /= t f (see Fig. 3)

(34)

(35)(YEf-YPf)=Rsm8f

These two equations, together with Eqs. (26H28), provide
the necessary conditions to determine Bf and yp, .
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It should be noted that to perform the computation, c,
defined by Eq. (25), remains to be determined. Due to the
dependence of c on rf and on yE(tf), Eq. (26) is, in fact, an
implicit equation for tf. That is, there are three implicit
algebraic equations, Eqs. (26), (34), and (35), for three
unknowns, tf, Op and yp .

Let us now summarize the guidance law application: the
control amplitude is provided by Eq. (17), the control sign is
defined by Eq. (18), and the required final values are obtained
by solving the nonlinear system of algebraic Eqs. (26), (34),
and (35),

V. Computational Results
Numerical methods have been employed to demonstrate the

advantages of the optimal guidance law (OGL). A com-
parison was first made with pure proportional navigation
(PPN)12 where

u=NVP6

and Afis the navigation constant.

(36)

INITIAL PURSUER DIRECTION

Fig. 1 Planar pursuit geometry.

REFERENCE LINE

Fig. 2 Triangle of velocities.

For cpmparison, an evader maneuvering with a constant
turn rate yc

E was considered. In a first case the value of N in
PPN was set equal to 4, the ratio of velocities, VP/VE9 was
equal to 2, arid &= 10~4. The trajectories are depicted in Fig.
4. It is, seen that when the pursuer, P9 employs PPN (the
dashed trajectory) it is found to overreact at the beginning of
the pursuit and is latej obliged to change control direction due
to the evader's maneuver. When employing OGL, P turns in
only one direction. The final result is that with PPN, P
captures the evader faster than with OGL, but the value of J is
almost twice that obtained for OGL. Moreover, as can be seen
in Fig. 5, where the normalized accelerations required by
OGL and PPN are depicted as functions of time, the
maximum acceleration required by PPN is almost four times
the actual acceleration required by OGL.

In a second case, where Vp/VE = \.5 and &=10~4, the
trajectories are depicted in Fig. 6. The pursuer employing
PPN (the dashed trajectory) starts with too small a value for
the control (0 is small at departure) and consequently it has to
increase the turning rate substantially later on in order to
achieve capture. This maneuver takes a time which is almost
twice as long as that required by OGL. From the normalized
acceleration time histories depicted in Fig. 7 it can be observed
that the PPN control changes sign twice during the pursuit
and that the maximum required acceleration is almost twice
the OGL requirement. These examples clearly show that OGL
dramatically reduces the cost of the pursuit, and more im-
portantly, reduces the maximum acceleration required in
order to capture the evader.

Another comparison was made for the case in which P
employs the strategy of a hard turn followed by a straight line
path. This in fact is equivalent to the result of OGL for &—>0
(that is, the time optimal solution), with a hard limit on the
control u, as can readily be seen from Eq. (17). When OGL is
used, the sign of the control is determined by the final angular

Fig. 4 Pursuer and evader trajectories, VPIVE = 2.

PPN: j "45.6
OGL: j *26.i

10 12.8 IS

Fig. 3 Final interception geometry. Fig. 5 Pursuer-evader acceleration ratio, Vp/VE = 2.
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values of the engagement, as defined in Eq. (18). For the
simple hard turn strategy, the turn direction is not clear
beforehand.

A simple solution to the hard turn strategy that does not
require knowledge of the evader's trajectory, but only the
current position, is to choose the turn direction to be the
direction of the initial line of sight rotation. In many cases this
can be an inefficient solution, as demonstrated in the present
example. A hard turn is performed with w^ a limit which is
equal to the maximum value of the acceleration required by
OGL with k= 10~4, as shown in Fig. 7. It can be seen that on
turning to the direction defined by the PPN at 7=0, a poor
solution is obtained. Pursuit time is only slightly shorter than
in the OGL solution, and a high penalty is paid for energy
dissipation. When the right direction for the hard turn is
selected, the time optimal solution is obtained, i.e., OGL with
k=0.

The two main advantages of the OGL are clear deter-
mination of the turn direction and the choice of the gain
factor l/k which enables one to adapt the pursuer's trajectory
to different pursuit conditions. For short ranges, where time
is paramount, &--0; for longer ranges, when maximum
energy should be saved, a large k can be chosen.

For more -benign cases, where the pursuer's initial con-
ditions are such that trajectory is close to a collision course,
the numerical results show tht PPN behaves almost as well as
OGL. This simply confirms previous theoretical results on the
optimality of PPN when starting close enough to the collision
course, in which case the trajectory linearization is still valid.

It should be noted that the usefulness of the OGL approach
has been recognized, in spite of the adopted simplifying
assumptions in the design phase of guided weapon systems.17

Moreover, the approach can be easily extended to a three-
dimensional engagement, as is discussed in the following
section.

VI. Extension to Three Dimensions
A complete three-dimensional analysis of the problem is

clearly beyond the scope of the present paper. However, it is
of interest to present briefly the results of a recent in-
vestigation18 which indicate that the extension to the three-
dimensional case is relatively straightforward.

Using three-dimensional vector notation, the equations of
motion are written as

r=VE- VP> r(t0)=r0, \r(tf) I =/? (37)

Vp = ap=<*PxVP, VP(t0) = VPo (38)

is the angular
velocity vector for the pursuer.

Using the performance index, Eq. (5), with u='\ap\, the
variatiohal Hamiltonian is

(39)

PPN:J -64.4
06L-. J "45.1
HARD TURN (OGL).J « 46.2
HARD TURN (PPN).J- 50.7

where ap is the acceleration vector and

Hard Turn (PPN)

——— PPNVJ -64.4
———/OGL(k«fo4):j«45.l

lOGL(k«o):J« 46.2
— ^-HARD TURN (PPN):j-50.7)

tf«33.2.

Fig. 7 Pursuer-evader acceleration ratio, Vp/VE = 1.5.

The optimal control solution is expressed, in terms of ac-
celeration amplitude, as

) = -il-\r(t).(VE(t)-VP(t)]}'/2 (40)

while the direction of the optimal acceleration vector 0* is
determined by

a;(t)-[\v(t)xVp(t)]=0 (41)

The last equation indicates that the vectors a * ( t ) , \v(t),
VP( t) are in the same plane.

Solution of the adjoint equation yields that

\r(t)=\r(tf)=vr(tf) (42)

where v is a scalar proportionality factor determined from the
relation//* (tf) = 0as

v = l / ( r ( t f ) - [ V E ( t f ) - V P ( t f ) } )

In addition

[r(tf)xVP(tf)] = 0,

(43)

(44)

Fig. 6 Pursuer and evader trajectories, VP/VE = 1.5.

which shows that \v(t) is confined to the plane determined by
the vectors r(tf) and V P ( t f ) . This plane is the terminal
maneuver plane. The consequence of Eqs. (41) and (44) is that
the instantaneous optimal maneuver plane defined by the
vectors V P ( t ) and a*P(t) coincides with the terminal
maneuver plane.

Since the entire pursuer trajectory is confined to this plane,
the solution presented in Sec. IV can be directly projected
there.

VII. Summary and Conclusions
The problem of finding a nonlinear optimal guidance law

for a constant speed pursuing vehicle so as to capture a
maneuvering target with a predetermined trajectory, while
minimizing a weighted linear combination of time of capture
and energy expenditure, has been solved in a closed form. The
optimal control law is expressed as an explicit function of
current and final values of the state variables. The closed-
form solution of the equations of motion using this control
law enables the determination of the required final states for
guidance implementation. In a realistic environment, where
the evader's trajectory is not known in advance, the ap-
plication of the OGL has to be carried out step by step, based
on real time estimation of the evader's current state-and
acceleration and the prediction of its future trajectory.

The merits of OGL as compared to other guidance
strategies were demonstrated by a few numerical examples. It
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was also shown that the planar analysis presented in the paper
can be directly extended to three-dimensional engagements.

Appendix A: Solution of the Adjoint Equations
From Eqs. (13) and (16)

\ = ~' (Al)

Rewriting Eqs. (10) and (11) and taking into account Eqs.
(l)and(2)

Thus

\6=\er/r-\rrB (A2)

(A3)

A solution for, the system of Eqs. (46) and (47) of dif-
ferential equations in terms of r and 0 is given by

0=c/r cos(0+c2)

Xr = c/sin(0+c2)

(A4)

(A5)

where c7 and c2 are constants of integration. This can be
readily proved by direct substitution of Eqs. (A4) and (A5)
into Eqs. (A3) and (A4). This solution was first pointed out in
Ref. 13.

Substituting Eqs. (A4) and (A5) into Eq. (12) and
rearranging yields

(A6)

(A7)

(A8)

Rearranging, integrating, and taking into account Eq. (15)
yields

Substituting Eq. (18) into Eq. (3) yields

From Eqs. (A6) and (A7), it follows that

Pf> (A9)

We shall now find the values of c7 and c2. At t=tf Eqs. (4),
(14), and (A4) imply that

Thus

(A10)

(All)

Due to the fact that we are dealing with a free end time
problem, the Hamiltonian satisfies

Hf = (A12)

Taking into account Eqs. (14), (16), and (18), it follows that

Hf = \rfff-l = 0 (A13)

where

rf=VEco*(ef-yEf)-Vpca&(ef-ypf) (A14)

Recalling Eqs. (Al 1) and (A5) yields

(A16)

Substituting c1 and c2 into Eqs. (A4), (A5), and (A9) yields

=—sin (6^-

Xr=—cos(0/~0)
rf
4kVB

^ = —r^ [cos(Bf-yp) -cos(6f-y )
r J

Appendix B: Solution of the Pursuer's
Equations of Motion

In Eq. (24), the variables can be separated as

(A17)

(A18)

(A19)

Vcos (0/ - 7/y) ~cos (Of -yp)

Let

and

(Bl)

(B2)

(B3)

Substituting Eqs. (B2) and (B3) into Eq. (Bl) and per-
forming a trigonometric transformation yields

where
a=l/sin\I/f, a2>l

(B4)

(B5)

The left side of Eq. (B4) is solvable in terms of elliptic
integrals.19 Integrating Eq. (B4) from £=0, yp=Q to tf, yp
we obtain

-F(ctf)cos\l/f) ] = t f (B6)

where F is the elliptic integral and K the complete elliptic
integral of the first kind, a/ is given by

=arc sin(cos (6f/2)cos\l/f) (B7)

Dividing Eqs. (22) and (23) by Eq. (24), changing variables,
and rearranging yields

The right sides of Eqs. (B8) and (B9) are solvable in terms
of elliptic integrals. Integrating from the initial to the final
conditions on both sides (Xp0 = 0, Yp0=) yields Eqs. (27) and
(28).
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